We investigate the effect of different mass of a Bose-and a Fermi-particle on the collective oscillations of the degenerate boson-fermion mixtures. In particular we consider the monopole and the quadrupole modes of the oscillations and study their characters and the frequencies by using variational-sum-rule approach. We find that for both the modes there exists a critical value of the ratio of boson-fermion mass below and above which the character and the frequency of the respective modes are significantly different.
I. INTRODUCTION
In recent years many theoretical and experimental studies involving dilute mixture of trapped ultra cold gases of bosonic and fermionic atoms have been reported in the literature.
These mixtures provide a convenient way to achieve degenerate fermionic gas by means of sympathetic cooling as the conventional evaporative cooling methods used to obtain Bose-Einstein condensates (BEC) are not applicable to fermions. Besides this Bose-Fermi mixtures can be used to study many aspects of quantum statistics. Experimentally, stable BEC immersed in a degenerate Fermi gas have been realized with 7 Li in Recently, by exploiting Fesbach resonance the inter-species interaction has been tuned with a large range positive and negative values.
Theoretically, the trapped system of Bose-Fermi mixture have been studied within the mean-field approximation to determine the bosons and fermion density profiles at zero temperature. These studies mainly focused on the phenomena of phase separation for repulsive and collapse mixture for attractive boson-fermion interaction respectively have been studied extensively [6, 7, 8, 9, 10, 11, 12, 13, 14] . Beside ground state density profiles the dynamic properties of Bose-Fermi mixture like free expansion [15] and the spectrum of collective excitations [16, 17, 18, 19, 20] have also been studied. All these studies have clearly showed that the spectra of collective excitations bear unambiguous signatures of phase transitions that Bose-Fermi mixtures undergo under appropriate conditions. Moreover, for BEC it is well established that the frequencies of collective oscillations can be measured with very high precision. Consequently, it is natural to expect that by measuring the frequencies of the collective oscillations of a trapped Bose-Fermi mixture it would be possible to determine the parameters at which mixture undergo phase separation or collapse.
Keeping this in mind we focus our attention on the effect of unequal mass of a Bose-(m b ) and a Fermi-particle (m f ) on the frequencies of collective oscillations. At this point we note that most of the studies on the collective oscillations assumed m b = m f . In reality, for all the experimental realizations as mentioned above, m b = m f . For example, in the case of extensively studied Rb-K mixture, m b /m f ≈ 87/40. In this paper we show that m b = m f leads to significant alteration of the nature and the frequencies of the modes of the collective oscillations over the equal mass case [16, 19] . In order to calculate the frequencies of collective oscillations we adopt well established sum rule approach of many-body response theory [21, 22] . It has already been shown that the sum rule approach yields quite accurate results for the frequencies of collective oscillations of trapped Bose-Fermi mixtures [17] .
Using sum rule approach, we derive analytical expressions for the frequencies of monopole and quadrupole modes of oscillations of a Bose-Fermi mixture with mass of a Bose-particle being different from that of a Fermi-particle. Our expressions are generalizations of the results of Ref. [16] . These analytical expressions for frequencies are then used to determine critical mass ratio (m b /m f ) c ) at which character of the modes undergoes a change resulting in the modifications of the frequencies significantly.
The content of the paper is as follows. In the next section we present the derivations of analytical expressions for the frequencies followed by a discussion of our results in Section III. The paper is concluded in Section IV.
II. VARIATIONAL SUM RULE APPROACH
The basic result of the sum-rule approach [21, 22] is that the upper bound of the lowest excitation energy is given by
where
is the p-th order moment of the excitation energy associated with the excitation operator F and Ω ex is the frequency of excitation. Here ω n0 = E n − E 0 is the excitation energy of eigenstate |n of the Hamiltonian H. Moreover, Eq. (1) can be used for computation of the excitation energies by exploiting the fact that the moments m 1 and m 3 can be expressed
as expectation values of the commutators between F and H in the ground state |0 . These relations are
The main advantage of the sum-rule approach is that it allows us to calculate the dynamic properties like excitation frequencies of many-body systems with the knowledge of ground state |0 (or the ground-state density) only.
For the purpose of calculation one needs to choose an appropriate excitation operator F . In this paper we consider the monopole and the quadrupole modes of the collective oscillations. The excitation operators corresponding to these modes are defined by
where α stands for monopole or quadrupole modes, the indices b/f denote bosons/fermions and the functions f α are given by f M = r 2 for monople and f Q = 3z 2 − r 2 for quadrupole modes. Following [16] we take the excitation operators as a linear combination of F + α and F − α to simulate the effect of mixing of boson and fermion oscillations. It is written as
where the mixing angle θ lies between −π/2 and π/2. The character of the mode is given by the value of θ, for example, θ = π/4 for the bosonic and −π/4 for the fermionic modes, θ = 0 for the in-phase oscillation, and θ = π/2 for the out-of-phase oscillations of the two types of particles. The value of mixing angle for each mode is determined by minimizing the corresponding frequency. The presence of two kinds of particle leads to two types of collective oscillations for each multipole which are orthogonal to each other. Out of these two modes the low-lying mode is excited by the operator of Eq. (5) and the operator F + α sinθ l −F + α cosθ l for each α excites the orthogonal high-lying mode. To study the effect of unequal mass we focus our attention on the low-lying mode only.
In order to calculate the moments m 1 and m 3 , we use the expression for the energy functional (in terms of boson ρ b and fermion ρ f densities) of a harmonically trapped BoseFermi mixture as given by [23] 
where 
On the other hand, exact form of the kinetic energy functional for fermions is not known. In this paper we work within the Thomas-Fermi approximation and use following expression for the kinetic energy functional
This approximation is quite accurate when the number of fermions is fairly large and in this paper we choose number of fermions (N f ) such that the TF approximation remains valid.
The harmonic trapping energy functional for spherically symmetric trapping potential are given by
where ω b and ω f are frequencies of the trapping potential for bosons and fermions respectively. In accordance with the experimental settings we use ω f = m b /m f ω b for the purpose of our calculations. Finally the forms for the interaction energies within the mean-field approximation are given by
The boson-boson coupling strength is given by g bb = 4π Before proceeding further we wish to note here that representation of ground-state energy as functional of density is ensured by Hohenberg-Kohn theorem of density functional theory [24] . The ground-state densities ρ b and ρ f can be determined by imposing stationary conditions: we exploit this variational nature of the ground-state energy to determine the ground-state density profiles of bosons and fermions. More about this approach will be discussed later in this section.
Using the above energy functional (Eq. (6)) along with the Eq. (3) we find after a tedious although straightforward algebra following expression for the frequency of the monopole mode of collective oscillations
with
In the above expressions
int and E bf int are the respective integrals defined in Eqs. (7) - (10) evaluated with the ground-state boson and fermion densities. Besides these energy integrals, remaining three quantitities ∆ f , ∆ b , and ∆ are given by
The expression for the frequency of the quadrupole mode is given by
and
The expressions given by Eqs. (12)- (15) constitute the main results of this paper and they correctly reduce to the corresponding equations of Ref. [16] for the case of m b /m f = 1.
In order to calculate the frequencies, we first need to determine the ground-state densities of bosons and fermions. As mentioned before, we accomplish this task by employing a variational approach similar to the one described in Ref. [8] . For fermions we apply TF approximation and within this approximation the density of fermions is given by
On the other hand, the density of bosons is determined by choosing appropriate variational (6). It has already been shown [25] that gaussian ansatz leads to incorrect density profile for positive values of a bf specially when a bf ≥ a bb . In order to circumvent this problem, we employ a two-parameter form
proposed by Fetter [26] to study BEC. In Eq. (18), θ(R − r) is the step function, R and λ are the two variational parameters again determined by minimization of the total energy.
Here we mention that the ground-state calculations performed with this variational approach yields results which are quite close to the corresponding results reported in Refs. [9, 16] By using the ground-state densities obtained by variational approach we evaluate the required integrals to calculate the frequencies of the collective oscillations given by Eqs.
(12) and (15) . The results of these calculations are discussed in the next section.
III. RESULTS AND DISCUSSION
We begin this section with the discussion of results for the monopole mode of the collective We wish to emphasize here that the above choice of the parameters does not lead to any loss of generality of the results presented in this paper.
A. Monopole mode
In order to demonstrate the effect of different mass of Bose-and Fermi-particles, we first display the frequency and the mixing angle of the monopole mode as a function of coupling strength κ = a bf /a bb in Fig. 1 
From the above inequality, we infer that when G mon is positive (negative), the correspond- When T b /V b = 0 the critical mass ratio is given by
and to determine the value of θ min for general case, we plot G mon as a function of the mass ratio m b /m f in Fig. 2 . It can be seen from Fig. 1 .
B. Quadrupole mode
Now we consider the quadrupole mode of the collective oscillations of a trapped BoseFermi mixture and carry out an analysis similar to the one discussed above for the monopole mode. Using Eqs. (15) and (16) forã bf = 0, we find that for quadrupole mode also θ = −π/4
and θ = π/4 make the frequency ω q extremum. The condition for obtaining mixing angle θ min that minimizes the frequency of the quadrupole mode is given by G quad sin 2θ min < 0 where
Within the TF approximation for the bosons above criterion reduces to
For m b = m f the function G T F quad in Eq. (23) is negative and the minimum condition is satisfied if θ min = π/4. Therefore, for non-interacting Bose-Fermi mixture the quadrupole mode is of purely bosonic character and the frequency of the oscillations is ω q = √ 2ω b [16] . For the general case (T b /V b = 0) the critical mass ratio at which quadrupole undergoes a change in character is given by
In order to determine the mixing angle that minimizes the quadrupole frequency for the general case, we plot in Fig. 3 
